In this paper, we focus on the stability of perturbed switched systems. we begin by studying switching systems in the plane, then trying to extend the result in a greater dimension. we will discuss and investigate the stability of such systems using a common lyapunov function. One such process which lead to the identification of a single CLF that is valid to all subsystems.
Introduction
A switched linear system is a hybrid system which consists of several linear subsystems and a rule that orchestrates and organizes the switching among them ( [2] ). Dynamic switching systems can be seen as a particular class of hybrid systems. The behavior of a switched system is determined by the behavior of its subsystems and the switching law. The motivation of studying switched systems comes from the fact that various natural, social and engineering systems cannot be described simply by a single model, and many systems need switching between several models depending on various environmental factors so it is based on the idea of switching between different controllers. Therefore, switched systems have been attracting great attention during the last two decades. A great number of books ( [6] , [10] , [11] ) have been published with the development of this powerful tool. Liberson show that if each subsystems is stable, there exist some switching signal such that the whole system is unstable. So, the authors in ( [12] ) prove that if the matrices A i are asymptotically stable and commutes pairwise then we obtain the exponential stability also there exists a common Lyapunov function. It was shown in ( [13] ) that exponential stability is achieved if we take a dwell time sufficiently large. Hespanha and Morse ( [1] ) extends the notion of dwell time to an average dwell time that it shall be no less than a specified constant. The existence of disturbance in a system can usually degrade the system performance and even cause the instability. It is well known that Lyapunov theory is the most general and useful approach for studying stability of various controls systems [8] . It suffices to construct the common Lyapunov function for the set of subsystems. Motivated by the studies of ( [12] ) and by the reason of the existence of perturbation that we can't avoided it in many cases. We study the stability of switched system composed by linear time invariant subsystems even if a bounded disturbance is imposed. We consider the dynamic system of the forṁ
where x(t) ∈ IR n is the state, t 0 is the initial time and x 0 is the initial state. σ(t) : [t 0 , +∞) → {1, 2, ..., N } is the switching signal and thus
We can partition the entire state space IR n into N subspaces corresponding to each subsystem such that no common region among these subspaces by the following manner:
Stability of Perturbed linear Switched Systems
We first introduce and recall some definitions and review several existing results.
The equilibrium of (1) is asymptotically stable if there exists a common Lyapunov function V : IR n → IR + of the form
where P is symmetric positive definite such thaṫ
for all nonzero x ∈ IR n where the time derivative is taken along solutions of (1).
Lemma 2.2. ([12]
) with A = {A 1 , A 2 , ..., A n }, where the matrices A i are asymptotically stable and commute pairwise. Then i) The system is exponentially stable for any arbitrary switching sequence between the elements of A.
ii) Given a symmetric positive definite matrix P 0 , let P 1 , P 2 , ..., P N be the unique symmetric positive definite solutions to the Lyapunov equations
Then the function V (x) = x T P N x is a common Lyapunov function for each individual systemsẋ = A i x, i = 1, 2, ..., N and hence a Lyapunov function for the system (1).
Let the linear switched systeṁ
where A i ∈ M 2 , i ∈ {1, 2} are constant Hurwitz matrices, so by the previous statements there exists a common Lyapunov function for the system (CLF) such that the symmetric positive definite matrix P verify
We consider now the perturbed switched system
where A i ∈ M 2 , i ∈ {1, 2} are constant Hurwitz matrices and h i ∈ IR 2 continuous functions and satisfy
Theorem 2.3. It is assumed that the following assumptions hold for the perturbed switched systems (5): a) there exist a (CLF) for the system (2).
λ min (Q i ), λ max (P ) are respectively the smallest (greatest) eigenvalues of
Then the system (5) is asymptotically stable.
We examine the dynamic system of the forṁ
where x(t) ∈ IR n is the state, t 0 is the initial time, h i ∈ IR n and x 0 is the initial state. σ(t) : [t 0 , +∞) → {1, 2, ..., N } is the switching signal and thus 
Then the system (6) is asymptotically stable.
Proof. From lemma (2),there exist (CLF) for the system (1). Let the Lyapunov function V (x) = x T P x the derivative along the trajectories of the subsystems iṡ
Theorem 2.5. ( [11] ) Let A ∈ IR n×n have eigenvalues λ i , i ∈ n, and let B ∈ IR mxm have eigenvalues µ j , j ∈ m. Then the Kronecker sum A ⊕ B = (I m ⊗ A) + (B ⊗ I n ) has mn eigenvalues λ 1 + µ 1 , ..., λ 1 + µ m , λ 2 + µ 1 , ..., λ 2 + µ m , ..., λ n + µ m Theorem 2.6. Let us set the perturbed switched systeṁ
where A, B ∈ IR n and the function h σ(t) ∈ IR 2n . We assume that the set of matrices {A 1 , ... A N , B 1 , . .., B N } are Hurwitz. If the following assumptions hold: a) there exist a (CLF) for the systemẋ(t) = (A σ(t) ⊕ B σ(t) )x(t).
Then the system (7) is asymptotically stable.
The set of matrices {A 1 , ... A N , B 1 , ..., B N } are Hurwitz thus every eigenvalue of A and B has a negative real part. So by theorem (3), the set of matrices {A 1 ⊕ B 1 , ..., A N ⊕ B N } are also Hurwitz. The same proofs as theorem (2) show that the system (7) is asymptotically stable.
Theorem 2.7. We definė
with N i=1 α i = 1 and h(x, t) ≤ η x . If the following assumptions hold: a) the switched system (1) is stable
then all convex combination of systems matrices (8) are stable .
Proof. the switched system (1) is stable then there is a CLF for systems (8) .
Example
We consider the perturbed switched system
with
The two matrix A 1 and A 2 are Hurwitz, then two sub unperturbed subsystems are stable. Using the toolbox matlab, the common Lyapunov function
T P x with P = 264, 4833 −37, 5688 −37, 5688 187, 3151
On the other hand Q 1 = 4 0 0 4 Q 2 = 2 1.5 1.5 6 We must take η 1 < λ min (Q 1 ) λmax(P ) = 0.0071 and η 2 < λ min (Q 1 ) λmax(P ) = 0.0116
Discrete-Time Perturbed Switched Systems
We consider Discrete-Time perturbed switched systems
where x ∈ IR n and k ∈ IN and 
Recall that it is very difficult to find such common Lyapunov functions . Let V (x) = x T P x, the condition of stability of the unperturbed switched system is:
Consider the perturbed discrete switched system (9) . It is assumed that the following assumptions hold: a) there exist a (CLF) for the unperturbed switched system . b) η i satisfy η i < λ min (Q i ) 2λ max (P ) A i i ∈ {1, ..., N } where
Then the system (9) is asymptotically stable.
Proof. Let the Lyapunov function V (k) = x T k P x k . Then the derivative of V along the trajectories is:
Conclusion
This paper presents some results about perturbed switched systems in different cases. By employing the CLF, we provide the stability of systems despite the existence of a bounded perturbations. The case of discrete systems is treated also.
